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Abstract. Approximate analytical solutions are found for two 

model current sheets. In the first the magnetic field is linear and 

reversss across a neutral sheet, and the electric field is everywhere 

Uniform, perpendicular to the magnetic field and parallel to the neutral 

sheet. 

sheet and their energies increase without bound. 

small component of the magnetic field perpendicular to the neu' d81 sheet 

is added. 

sheet, but turns protons and electrons toward the same direction, 9C0 amy 

Trom the accelerating electric field. 

t'nen ejected when they have been turned 90°, and the emergent pitch angles 

to a magnetic line of force will be small if the perpendicular magnetic 

field component is small. 

Charged particles of either sign never come out of the neutral 

In t'ne second madel a 

Tnis component not only serves to bring particles out of the 

Tne particles are accelerated and 

Introduction. Ness - [1964] has reported the discovery of a magnetically 
neutrzl sheet in the earth's geomagnetic tail, with measurements taken on 
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board  t h e  IMP-1 s a t e l l i t e .  A somewhat u n i f o r m  m a g n e t i c  f i e l d  o f  a b o u t  

20 y ( l y  = g a u s s  = weber/m2) i s  found  from a b o u t  10 R ( e a r t h -  

r a d i i )  t o  a t  l e a s t  30 Re i n  t h e  a n t i - s o l a r  d i r e c t i o n .  

p r e d o m i n a n t l y  i n  t h e  s o l a r  d i r e c t i o n  above  a p l a n e  ( r o u g h l y  i d e n t i f i e d  

as t h e  m a g n e t i c  e q u a t o r i a l  p l a n e ) ,  and i n  t h e  s n t i - s o l a r  d i r e c t i o n  below 

t h i s  p l a n e .  The m a g n e t i c  f i e l d  r e v e r s e s  a c r o s s  a s h e e t  o f  t h i c k n e s s  

a b o u t  0.1 R e  and  g o e s  t o  z e r o  w i t h i n  t h i s  n e u t r a l  s h e e t .  

e 

T h i s  f i e l d  r~ 

Ocher  n e u t r a l - ,  o r  more g e n e r a l l y  c u r r e n t - ,  s h e e t s  may o c c u r  i n  

o t h e r  s i t u a t i o n s ,  s u c h  as a d a y - s i d e  m a g n e t o s p h e r i c  c u r r e n t  s h e e t  , 

n e u t r a l  s h e e t s  o c c u r i n g  i n  i n t e r p l a n e t a r y  s p a c e ,  n e u t r a l  s h e e t s  a s s o c i a t e d  

w i t h  solar f l a r e s ,  e t c .  

I t  i s  o f  i n t e r e s t  t o  l o o k  a t  c h a r g e d  p a r t i c l e  t r a j e c t o r i e s  a b o u t  

s u c h  s h e e t s .  A d i a b a t i c  theory c a n n o t  be u s e d  across s u c h  a n e u t r a l  s h e e t ,  

b e c a u s e  t h e  m a g n e t i c  f i e l d  c h a n g e s  s i g n i f i c a n t l y  i n  d i s t a n c e s  much less  

chan a g y r o r a d i u s .  

f o r e  b e  e i t h e r  s o l v e d  a n a l y t i c a l l y ,  o r  computed n u m e r i c a l l y .  

The c h a r g e d  p a r t i c l e  e q u a t i o n s  of m o t i o n  n u s t  t h e r e -  

- 7  s~2p-r  is c o n c e r ~ e r l  with z~?aly=r:-.; s o l : ; ~ i , ? n ~  Fz I-*’: =rLs’ 

c u r r e a t  s h e e t s .  P a r t  I I [ S p e i s e r , 1 9 6 5 ]  a p p l i e s  t h e s e  r e s u l t s  t o  a 

m a g n e t o s p h e r i c  t a i l  model a n d  a l s o  d i s c u s s e s  n u m e r i c a l  r e s u l t s .  

A s imple l i n e a r  ::,ode1 

The s i m p l e s t  model f o r  t h e  f i e l d s  a b o u t  a n e u t r a l  s h e e t  wh ich  c a n  

b e  d i s c u s s e d  a n a l y t i c a l l y  i s :  



E = -  a S z  
N 

where b i s  t h e  s t r e n g t h  o f  t h e  m c g n e t i c  f i e l d  when x = d ,  t h e  s h e e t  h a l f -  

t h i c k n e s s ,  and  a i s  t h e  s t r e n g t h  o f  t h e  e l e c t r i c  f i e l d .  The p h y s i c a l  

s i g n i f i c a n c e  o f  s u c h  an e l e c t r i c  f i e l d  w i l l  be d i s c u s s e d  i n  P a r t  11 

[ S p e i s e r , 1 9 6 5 ] .  

t r e a t i n e n t .  

T h i s  f i e l d  w i l l  m e r e l y  be assumed f o r  t h e  p r e s e n t  

The c o - o r d i n a t e  s y s t e m  b e i n g  used  i s  s k e t c h e d  i n  F i g u r e  1 .  The 

above  i n a g n e t i c  and e l e c t r i c  f i e l d s  are a l s o  i n d i c a t e d  i n  F i g u r e  1 .  

The e q u a t i o n s  o f  mot ion  f o r  a p a r t i c l e  i n  t h e  n e u t r a l  s h e e t ,  u s i n g  

t h e s e  f i e l d s  are  

.. x = c 1  i x  

.. z = - c  - C , x k  
3 

c i b  q 
where  C ,  = - - ) and  C, = - a .  m d  m Mks u n i t s  are  u s e d .  

S p e i s e r  [1964,  ( a ) ,  ( b ) ]  h a s  g i v e n  t h e  s o l K t i o n  t o  t h e s e  e q u a t i o n s  

f o r  l a r g e  t i m e .  ( S e e  Appendix A . )  The r e s u l t  i s  t h a t  t h e  p a r t i c l e  

e x e c u t e s  a damped o s c i l l a t i o n  a b o u t  x = 0 ( t h e  a m p l i t u d e  g o i n g  as 

1 / t ’ / 4 ) )  w h i l e  a c c e l e r a t i n g  i n  t h e  gz d i r e c t i o n  f o r  e l e c t r o n s  and  t h e  

- $  l i r e c t C o n  f o r  p r o t o n s .  

e l e c t r i c  f i e l d  i n  e q u a t i o n  (5 )  a c c e l e r a t e s  a p r o t o n  i n  t h e  -Gz 

T h i s  can be u n d e r s t o o d  as f o l l o w s .  The 
Z 



c 

d i r e c t i o n .  

f o r  t h e  moment. E q u a t i o n  (3) t h e n  becomes 

2 t h e n  becomes p r o p o r t i o n a l  t o  - t  i g n o r i n g  t h e  term -C,  xi 

f 

k x  .. x = -  

E q u a t i o n  (6) i s  j u s t  t h e  e q u a t i o n  f o r  o s c i l l a t o r y  m o t i o n ,  w i t ?  

s p r i n g  c o n s t a n t  k .  k g e t s  l a r g e r  w i t h  t i m e ,  however ,  i m p l y i n g  t h a t  t h e  

s p r i n g  g e t s  s t i f f e r  w i t h  t i m e ,  t h u s  t h e  a m p l i t u d e  o f  o s c i l l a t i o n  d e c a y s .  

The term -Clx 2 i n  e q u a t i o n  (5) i s  t h u s  o s c i l l a t o r y  and  a p p r o a c h e s  

z e r o ,  j u s t i f y i n g  i t s  n e g l e c t  b u t  t h e  term i s  n o t  n e g l e c t e d  i n i t i a l l y  

i n  Appendix A .  

will osciillate, 

k i s  p r o p o r t i o n a l  t o  q ' ,  S O  p a r t i c l e s  of e i t h e r  s i g n  

The o s c i l l a t i o n  i n  x(t) i s  due t o  t h e  

t o w a r d  x = 0 f o r  x e i t h e r  p o s i t i v e  o r  n e g a t i v e ,  b e c a u s e  of t h e  r e v e r s a l  

x 3 f o r c e  which i s  a l w a y s  

of t h e  m a g n e t i c  f i e l d .  

The n e t  r e s u l t  o f  t h i s  s i n p l e  model i s  t h a t  c h a r g e d  p a r t i c l e s  o f  

e i t h e r  s i g n  n e v e r  come o u t  or' t h e  n e u t r a l  s h e e t ,  a n d  t h e i r  e n e r g y  i n -  

creases w i t h o u t  bound.  S e e  F i g u r e  2 f o r  a s k e t c h  o f  t h e  r e s u l t s  o f  

t h i s  s i m p l e  m o d e l .  

The l i n e a r  model w i t h  small  p e r p e n d i c u l a r  f i e l d  a d d e d .  C o n s i d e r  

ilow t h e  a d d i t i o n  o f  a small m a g n e t i c  f i e l d  component p e r p e n d i c u l a r  

t o  t h e  n e u t r a l  s h e e t ,  i . e . ,  i n  t h e  5 gx  d i r e c t i o n  r e f e r r i n g  t o  t h e  

c o - o r d i n a t e  s y s t e m  o f  F i g u r e  j. The m a g n e t i c  f i e l d  of e q u a t i o n  ( 7 )  

now becomes:  

- A -  



where T w i l l  b e  assumed small .  

Tnc e q u a t i o n s  o f  m o t i o n  become: 

.. x = c 1 x i  

.. 
z = - c 3  - c1 x j; - c 2  7 9 

where C 1  = (q /m)  ( b / d ) ,  C 2  = (q /m)  b ,  C3 = ( q / m ) a ,  C1 and C3 b e i n g  

t h e  same t i s  f o r  t h e  s i m p l e  mode l .  When 7 = 0, t h e  s i m p l e  model  r e s u l t s .  

Even w i t h o u t  s o l v i n g  t h e s e  e q u a t i o n s ,  t h e  p a r t i c l e  m o t i o n  c a n  b e  

K n d e r s t o o d  q u a l i t a t i v e l y  as was done f o r  t h e  s i m p l e  model .  

C o n s i d e r  a p r o t o n  ( t h e  a r g u m e n t s  a l so  h o l d  f o r  e l e c t r o n s  w i t h  

a p p r o p r i a t e  c h a n g e s  i r .  s i g n )  i n c i d e n t  on t h i s  n e u t r a l  s h e e t  w i t h  small 

v e l o c i t y .  

The prctnr! will h e  a c c e l e r a t e d  i n i t i a l l y  i n  t h e  n e g a t i v e  z d i r e c t i o n  

(see E q u a t i o n  (IO)), g a i n i n g  a v e l o c i t y ,  5 ,  p r o p o r t i o n a l  LO -t as f o r  

( S t r i c t l y  s p e a k i n g ,  t h e  s h e e t  i s  n o t  now a n e u t r a l  s h s e t . )  

t h e  s i m p l e  mode l .  From E q u a t i o n  (9), t h e r e  w i l l  t h e n  b e  a n  a c c e l e r a t i o n  

i n  t h e  - y  d i r e c t i o n  p r o p o r t i o n a l  t o  5 o r  - t ,  a n d  t h u s  9 w i l l  b e  p r o p o r -  

L i o n a l  t o  - t 2 .  

e l e c t r o n s  are  t u r n e d  toward t h e  -12 d i r e c t i o n . )  

( N o t e  t h a t  j ;  a C2 C 3  a ( q / m ) 2 ,  so  e i t h e r  p r o t o n s  o r  

Y 
As l o n g  as i i s  n e g a t i v e ,  E q u a t i o n  (8) w i l l  imp ly  o s c i l l a t o r y  

mot ior .  i n  x ( t )  by t h e  same a r g u m e n t s  i n  t h e  p r e v i o u s  s e c t i o n  on t h e  

s i m p l e  mode l .  T h u s ,  as l o n g  as 5 i s  n e g a t i v e ,  t h e  Leerin - C ,  x 2 i n  

- 5 -  



E q u a t i o n  (YO) i s  o s c i l l a t o r y  and w i l l  b e  assumed snhll as a f i r s t  o r d e r  

e p p r o x i m a t i o n .  The o s c i l l a t i o n s  may now b e  e i t h e r  damped o r  g rowing  

d2.per.ding on w h e t h e r  2 i n c r e a s e s  or  decreases w i t h  t i m e .  Tne l a s t  term 

i n  E q u a t i o n  (IO) grows  as + t Z  S O  t h a t  i w i l l  grow n e g a t i v e l y  u n t i l  
.. 
z 

g o e s  t o  z e r o ,  a n d  5 will t h e n  d i m i n i s h  i n  a b s o l u t e  v a l u e  g o i n g  t o  z e r o  

and  even b e c o n i n g  p o s i t i v e  a f t e z  some t i n e .  

damped o s c i l l a t o r y  m o t i o n  u n t i l  ‘i = 0 ( t h e  s p r i n g  g e t s  s t i f f e r ) .  

Thus x ( t )  w i l l  e x e c u t e  

A f t e r  

.. z becomes p o s i t i v e  and  Lin t i l  2 = 0, x ( t )  will e x e c u t e  g rowing  o s c i l l a t o r y  

n o t i o n .  

b u t  w i l l  i n c r e a s e  e x p o n e n t i a l l y ,  t h u s  e j e c t i n g  t h e  p a r t i c l e  from t h e  

n e u t r a l  s h e e t .  S e e  F i g u r e  3 f o r  a s k e t c h  o f  t h e  p a r t i c l e  t r a j e c t o r i e s  

i n  t h i s  model .  

A f t e r  2 g o e s  p o s i t i v e ,  however ,  x ( t )  w i l l  n o  l o n g e r  o s c i l l a t e  

R e s u l t s  of t h e  a p p r o x i m a t e  t h e o r y .  The d e t a i l e d  c a l c L l a t i o n s  are 

c o n t a i n e d  i n  Appendix E,  t o  which t h e  f o l l o w i n g  2 - p h a b e t i c  e q u a t i o n  

i n d i c e s  r e f e r .  F i r s t  i n t e g r a l s  o f  t h e  e q u a t i o n s  o f  mot ion  ( E q u z t i o n s  

( 8 ) ,  (9 )  a n d  ( I O ) )  a re  o b t a i n e d  e x s c t l y  ( E q u a t i o n s  ( i ) ,  ( j )  a n d  ( n ) ) .  

A f i r s t  a p p r o x i m a t i o n  i s  u s e d  t o  o b t a i n  t h e  t i m e  o f  e j e c t i o n ,  7 ,  which 

t u r n s  o u t  t o  b e  i n v e r s e l y  p r o p o r t i o n a i  Lu ;i b ( q / m > ,  ( E q u a t i o n  ( s ) ) .  

S l e c t r o n s  are  t h e r e f o r e  e j e c t e d  from t h e  n e u t r a l  s h e e t  much s o o n e r  

t h a n  p r o t o n s .  The v e l o c i t y  i n  t h e  -6  d i r e c t i o n  a t  t h e  t i n e  of e j e c t i o n  Y 

i s  foclnd t o  b e  i n d e p e n d e n t  o f  (q/m), ( E q u a t i o n  (w)), a n a  t h e  maxi:nurn 

p i t c h  a n g l e  o f  t h e  e m e r g e n t  p a r t i c l e s  ( E q u a t i o n  ( z ) )  i s  p r o p o r t i o n a l  

t o  TI, act! t o  \ ; i ~ / u  - c I ,  where u i s  t h e  b u l k  f l o w  v e l o c i L y  e x t e r i o r  

t o  t h e  n e u t r z l  s h e e t ,  a n d  c i s  a number wh ich  i s  n o t  v e r y  c i f f e r e n t  

f rom 1 .  T h i s  res;ult i m p l i e s  t h a t a  = 0 f o r  7 = 0 ,  whicli  means t h a t  

- 6 -  



t n e  p s r t i c l e s  v o u l d  never coxe out of the n e u t r a l  sheet i f  t h e  s m l l  

pe rpend icu lz  field were not adzed. T9is agrces with the r e s u l t  of the 

slrnpie model, and i q l i e s  t h a t  cy will 32 smil  i f  'q i s  smll. 

elso proport ional  zo l;o/u - c I ,  p a r t i c l e s  inc ident  on the current  sheet 

with 20 

Since cy i s  

u w i l l  a l l  encrge with p i t c h  angles c lose t o  zero.  

I k z ; ~ y  (1965) suggested t h a t  t h e  e l e c t r i c  f i e l d  can be transformed 

Calculat iorsusing such a t r a n s f o r m t i o n  a r e  mde i n  m~ey  i n  t h i s  a d e l .  

-43pezdix C .  zce p a r t i c l e  motion i n  the moving ( t r ans fomed)  system i s  

e a s i l y  visual ized,  s ince only a m;netic f i e l d  i s  involved. Tne perpendicular 

zxgnet ic  f i e l d  component causes a c i r cu la r  d r i f t  i n  t he  current  sheet while 

t he  x-cocrdinate i s  o s c i l l a t i n g  due t o  tile -mgnet ic  f i e l d  revers21 (B ) . 
The e j e c t i o n  t i ~ e  i s  

Y 
(See, ?or exmple  Equations ( a c ) ,  (ak), I acd (a l )  .) 

seen t o  be j u s t  E half-per iod of t h e  c i r cu la r  drift (&uation (m)  ) and 

corresponds c lose ly  t o  t he  approximate r e s u l t  i n  Apsendix B. 

m p a r t i c l e  energy i n  t h e  transforrrsd sys tex  i s  a constant,  with the  

l n i t i a l  ve loc i ty  given by the  t r a n s f o r m t i o n  ve loc i ty  ( i n  the s inple  case 

where th;& i n i t i a l  v e l o c i t i e s  are approxirmtely zero i n  the statiozaiy system). 

LT. fs therefore  apparent t h a t  protocs and e lec t rons  w i l l  'oe e jec t ed  with t h e  - .  

sane ve loc i ty ,  a r e s Q l t  which w a s  found before (A2pendix B) only for t h e  

f i r s t  2x15 second approxi-at ions . 
ki c s c i l l a t i o n  frequency about t h e  n e u t r a l  sheet i s  fougd appmxlrx te ly ,  

(3quet ion (ap) ) and t h e  nux-ser o sc i l l a t ions  before e jeczion i s  deterzisei i  

TOCT; of ?;'re mss, SO e lec t rons  w i l l  execute about 1/4021 t r : ~  :;I;?xr of 

?roton o s c i l l z t i o n s  before e j ec t ion .  

- 7 -  



cy. r IWO nodels of possible c;u-rent sheets  m e  considered, end 

appro:c;yzte rna2-ipbical r e s u l t s  of charged p s l e i c l e  t r a j e c t o r i e s  about 

t h e s e  sheets  are found. 

- 
.SI the  s i q l e s t  mcdel, where t h e  pdgnetic f i e l d  v a r i e s  l i n e a r l y  

across a n e u t r a l  sheet,  Lnd t n e r e  i s  Zn e l e c t r i c  f i e l d  p e q e n d i c d a r  t o  

bne rzgnet ic  f i e l d  end 2:arallel  t o  the current sheet,  charged particles of 

cA ui i i - -  s 2 g 1  execxte d,xqFed o s c i l i a t i c c s  zbout t h e  sheet,  zcce le ra t ing  

along t h e  sheet .  Tnus f o r  this sinple model, p a r t i c l e s  never COT: out of 

the  sheet a d  t h e i r  energies go t o  infinLty.  

4 - 1  

- -. L Lo -~ 

LL new ; - ,del  i s  cons-tructed by ad6ilzg a s m 1 1  coxpcnen'; of t h e  

m;?retic f i e l d  perpendic-dar t o  the sheet.  

componext not only ';urns both protons and e lec t rons  tovzrd t h e  sEre 

i i i rect ion 90' away from t h e  acceleret ing electric f i e l a ,  -out serves t o  

e j e c t  t h e  p a r t i c l e s  f r o 3  t h e  s k e t  . 
accelerated and e?e then e jec ted  with the sarc? velocity, t k  electrors 

b e i w  t u n e d  such f a s t e r  arc belng ejected sooner thac ths grz<ors.  

Tk zddi t lon of t h i s  SL&L 

Protons and e l e c t r o r s  zri3 t ixs 

%e p i t c h  angle of e j e c t e d   articles aboat a l i m  of force  i s  pro- 

. .  
pi%xGii& to the sTze of 'ik small perpendiczlar c o a p . x a t  G? ::-zgT-?tic 

f i e l d .  Tflus, i f  t h i s  conqonent I s  s m l l ,  e l l  parLic1e-s \:ill Se e jec ted  

- 7a - 



t ' i .-sp~ncFx A. T i e  f i r s t  i n K e g r a l s  of EquaKions (3 )  a n d  ( 5 )  a re :  

i =  i, - C 3 t  - -& c ,  ( x  2 - x;) 

and  

(22 + 2 2 )  i c z = 1. (A; + 2;) + c, z 0  
3 2 

Eqi la t ion  (5)  is j u s t  t h e  e q u a t i o n  of c o n s e r v a t i o n  of e n e r g y .  

s u b s c r i p t e d  v a l u e s  r e f e r  t o  i n i t i a l  v a l u e s .  Eqquation (3)  becomes,  

u s i n g  ( a ) :  

The zero 

1 2 Z - C  x (-go + + c i  (x i - x 2 p -  c j t  

For l a r g e  enough tir?,e, t h e  q u a n t i t y  i n  p a r e n t h e s i s  on t h e  r i g h r  hand  

s i d e  of EquaEion ( c )  w i l l  be p o s i i i v e  a n d  n o n o t o n i c a l l y  Lr.creasing 

in ip ly ing  o s c i l l a t o r y ,  bounded ixot ion i n  Thus f o r  l a r g e  tim 

E q u a t i o n  ( c )  i s  a p p r o x i m a t e l y :  

0 

a b  
f c: \2 __ _ _  c 

.. 
\ m /  d 

x % - c  c x t = -  1 3  

The s o l u t i o n  t o  E q u a t i m  ( d )  i s  g i v e n  by J ' a h l t e  and Emde (19L5, pp 1471 

'2s 

where  



a n d  2 ,  

Second K i n d s ,  of o r d e r  o n e - t h i r d .  

[ J a h n k e  and Sxde, 1915, pp .  1382, 

i s  a l i n e a r  c o m b i n a t i o n  o f  E e s s e l  F u n c t i o n s  of t h e  F i r s t  and 

A p p r o x i n z t i n g  ( e )  f o r  l a rge  t i m e ,  
(73 

A. and  i3 are  c o n s t a n t s  d e p e n d i n g  on t h e  i n i t i a l  v a l u e s .  

z ( t )  n?ay be o b t a i n e d  as a f u n c t i o n  of time by  i n t e g r a t i n g  E q u a t i o n  ( a ) :  

+ snal l e r  o s c i l l a t o r y  terms , 

From (f), a f t e r  l a r g e  t i n e  the a m p l i t u d e  of o s c i l l a t i o n  d e c a y s  as 
1 

l / t ’4  and from (g )  a n d  ( b )  i t  i s  s e e n  t h a t  t h e  k i n e t i c  e n e r g y  L n c r e s s e s  

as c 2 .  

Avpendix 3 .  F i r s t  i n t e g r a l s  of E q u a t i o n s  ( 8 ) ,  (9), a n d  (70) are  

e a s i l y  ‘ o b t a i n e d .  They are:  

C, 

( i )  

‘ . \  

i j ,  

- 9 -  



Z'quazion ( j )  b e c o e e s ,  on  a n o t h e r  i n t e g r G t i o n :  

I C j t 2  c ,  t 
2 d o  

r L  x 2 d t  - c, r, 5, y d t  + C 4 t  \ z  - Z C )  = - - - - 

Using E q u a t i o n  ( k )  with E q u a t i o n  ( i ) ,  we h a v e :  

c L 

where 

Fron E q u a t i o n  (9)  w e  h a v e :  

t 1 

So that E q u a t i o n  (h) becomes t h e  e n e r g y  i n E e g r a 1 :  

U s i n g  E q u a t i o n  ( j ) ,  E q u a t i o n  (8) becomes: 

w h e r e  

2nd  
2 

c, 7 y o  - io = - C,. 
c , x O  c = - - -  

8 2 
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k goes  t o  z e r o  when 

"; i s  t h e r e f o r e  t h e  c r i t i c a l  t i m e  when k z o e a  t o  z e r o  znd t h e n  b e c o n e s  

n e g a t i v e  e j e c t i n g  che p a r t i c l e .  ( 5  becomes p o s i t i v e . )  

. &: .?~rox i rna t ions .  I n t e g r a t i n g  E q u a t i o n  (1 ) , we o b t a i n :  

C g t 2  7 & E 3  

y = y o  4- y o t  i - - 2 2 J 

where t h e  i n t e g r a l  o v e r  x2  i n  ( 1 )  i s  ~zssu:::ec sr.311 since x i t j  i s  

o s c i l l a t i n g ,  and  t i l e  i n t e g r a l  o v e r  y i n  (1) i s  r r .u lLip l ied  by T 2 ,  S O  w i l l  

a l s o  be n e g l e c t e d  i n  . ch is  f i r s t  approxi::.zrion. TO f e c i l . i t a c e  f i n d i n g  

t h e  c r i t i c a l  t i n e  of e j e c t i o n  7 ,  L:.itia! c o n d i t i o n s  are c h o s e n  s u c h  t h a t  

y o  = 9 o  = 0 2nd 50 = - c > ; 2 / 2  , i - - - . ,  , , L . ~ z .  2, :e,- L . . 2 9 ~ i e s  ; i ia t  C, = Cg = CS = 0. Using  
1 c  

E q u a t i o n s  ( q )  a n d  ( r )  wi tb .  t h s s e  l n i t i a l  c o n d i t i o n s ,  -i 'cecomzs: 

TIC 5 t 
y ( r )  = - - 3 '  

- 11 - 



At t = T ,  E q i l a t i o n s  ( t )  a n d  ( u )  b e c o a e :  

J6  e 
y ( 7 )  = - - 

and 

-7. l L ; u s ,  ;- l l i  & I , <  C I . - J  r first a ? p r o x i a a t L c a ,  the e j e c t i o r .  v 2 l o c i t y  is i n d e -  

p e n d e r i t  of ( q / n )  because e 1 e c t r o r . s  are e j e c t e d  mus t  s o o n e r  t h m  p r o t o n s .  

(As  tie n s x t  a p p r o x i m a t i o n ,  i f  y ( t )  froni E q u a t i o n  ( t )  i s  u s e d  i n  ehe  

i n t e g r a l  o v e r  y f r o 3  E c , d a t i o n  (k )  i t  i s  f e u n d  that T i s  L n c r e a s e d  by 

s b o u i  3GSp, \$(,;)\is 2 ,c reased  by a b o u t  jC$, and  t h e  e j e c t i o n  v e l o c i t y  

i s  s t i l l  i n d e p e n d e n t  of ( q / m ) .  The f i r s t  ~ , ~ r o - c i n a z F o n  s h o u l d  t h e r e f o r e  

g i v e  zhe r i g h t  o r d e r  of m a g n i t u d e . )  

a n d  t k e  c o s i n e  C t he  p i r c h  angie e, becams :  

0r .1~  t e ras  of o r d e r  T2 are k e p t .  ?'or small u ,  cos cy & 1 - a 2 / 2 ,  50 



(ar, \ 

1- :: I = c, x ’ z ’  
A 

- lj - 

(ac) 



.. 
y' = p J i '  

(ai) 
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